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A semiconductor model has been used t o  c a l c u l a t e  t h e  
cu r ren t  a s soc ia t ed  wi th  motion of CDW's by Zener 
tunnel ing through a small pinning gap. In t roduc t ion  
of a c o r r e l a t i o n  l eng th  g ives  a threshold  f i e l d  f o r  
t he  tunnel ing cur ren t .  
theory g ives  a s c a l i n g  r e l a t i o n  between t h e  dc  and ac 
conduc t iv i t i e s .  There is an a d d i t i o n a l  c o n t r i b u t i o n  
t o  u(w) from o s c i l l a t i o n s  of t he  pinned wave. Excel- 
l e n t  agreement wi th  experiment is obtained f o r  both 
t r a n s i t i o n s  i n  NbSe and f o r  t h e  commensurate t r a n s i -  
t i o n  i n  TaS3. 
f a i l s  t o  account f o r  e f f e c t s  of combined ac  and dc  
f i e l d s .  Reasons f o r  t h e  f a i l u r e  and poss ib l e  ways t o  
develop a s a t i s f a c t o r y  theory will be d iscussed .  

Appl ica t ion  of Tucker 's  

3 However, t h e  model wi th  Tucker 's  theory 

I. INTRODUCTION 

The remarkable f i e l d  and frequency dependence of t h e  conduc- 
t i v i t y  of NbSe below t h e  two Peierls t r a n s i t i o n s  a t  T = 
142 K and T =359 K w a s  discovered by P .  Monceau et  a1?1,2 
i n  1976. T6e r e s i s t i v i t y  peaks below these  t r a n s i t i o n s  a r e  
nea r ly  wiped ou t  a t  microwave f requencies  and a t  dc f i e l d s  
of a few vol t s /cm below T and a few t e n t h s  vol t s /cm below 
T2. They found t h a t  t h e  & i e l d  dependent conduct iv i ty  could 
be expressed approximately i n  the  form 

f I / E  = ua + u exp(-E /E) , b 0 

where u 
approxiEately t h a t  expected i f  t h e  charge-density waves 
(CDW's) were no t  present .  

is the  low f i e l d  conduc t iv i ty  and ua + u is b 

X-rays s t u d i e s 3  showed t h a t  t h e  

[719]/1 
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2/[720] J. BARDEEN 

CDW's a r e  present  w i th  undiminished ampli tude a t  f i e l d s  
l a r g e  enough t o  wipe out  more than ha l f  of t h e  r e s i s t i v i t y  
peaks. 

can be re leased  t o  move f r e e l y  a t  h igh  f i e l d s .  
they t r anspor t  e l e c t r o n s  by t h e  F rah l i ch  mechanism4 and do 
not  add t o  t h e  r e s i s t i v i t y .  
conduct iv i ty  from unpinned f r e e l y  moving CDW's is approxi- 
mately t h a t  expected i n  t h e  absence of t he  CDW's. 

The e l e c t r i c  f i e l d  dependence of Eq. (1) is t h a t  
expected from a tunnel ing  mechanism. It w a s  f i r s t  suggested 
t h a t  t h e  CDW's become depinned by Zener tunnel ing of 
e l ec t rons  ac ross  a small  semiconducting gap. However i t  
was found t h a t  t he  gap requi red  is  much less than kT, s o  
t h i s  mechanism f o r  depinning d id  not  appear t o  be p l aus ib l e .  
To t r y  t o  rescue  t h e  Zener tunnel ing theory ,  I suggested5 
i n  1979 t h a t  t h e  tunnel ing  a p p l i e s  on ly  t o  motion of t h e  
sea  of e l ec t rons  condensed i n  the CDW and n o t  t o  ind iv idua l  
e l ec t rons .  The energy involved is no t  t h a t  of i n d i v i d u a l  
e l ec t rons ,  bu t  t h a t  a s soc ia t ed  wi th  t h e  coherent  motion of 
t h e  CDW; inc luding  t h e  k i n e t i c  energy of t h e  ions.  I gave 
arguments t o  suggest  t h a t  t h e  energy gap, E , should be 
equal  t o  f i w  , where w 
t h e  CDW aboet  t h e  pinfting pos i t i ons .  A uniform gap w a s  
assumed such a s  might arise from commensurability pinning.  
The theory a l s o  should apply t o  pinning by c o l l e c t i v e  a c t i o n  
of l a r g e  numbers of weak impur i t i e s  (e.g. T a )  r a t h e r  than a 
few s t rong  ones (e.g.  T i ) .  

model of s l i d i n g  f r i c t i o n  w a s  given by Lee and Rice. They 
predicted t h a t  E should vary  as t h e  square  of t h e  impuri ty  
concent ra t ion ,  c a p red ic t ion  t h a t  w a s  la ter  v e r i f i e d  by 
experiment. The tunnel ing  model also g ives  t h i s  r e s u l t .  

model t h a t  a l s o  relates depinning i n  a n  e lectr ic  f i e l d  wi th  
pinning frequencies ,  is being d iscussed  by P o r t i s  and by 
Grtiner a t  t h i s  meeting. This  model has  been worked ou t  i n  
some d e t a i l  by Grtiner, Zawadowski and Chaikin.8 

It was shown by Fleming and G r i m e s 9  t h a t  (1) does n o t  
apply f o r  small va lues  of E and t h a t  t h e r e  is  a threshold  
f i e l d ,  E , t h a t  must be exceeded before  t h e r e  is a conduc- 
t i v i t y  cgange. FleminglO showed t h a t  t h e  d a t a  f o r  E>ET 
could be f i t t e d  by t h e  empir ica l  expression:  

The p i c t u r e  is t h a t  t he  CDW's are weakly pinned and 
When moving, 

We s h a l l  show l a t e r  why t h e  

is the  frequency of g s c i l l a t i o n  of 

An a l t e r n a t i v e  theory f o r  depinning based on a c l a s s i c a l  

0 

i' 

Another approach, based on an overdamped o s c i l l a t o r  

IY = (I a -I- ab(l-(E/ET))exp[Eo/(E-ET)] , E > ET . (2) 
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DEPINNING OF CHARGE-DENSITY WAVES BY TUNNELING [721]/3 

I n  t h e  summer of 1980 t h e r e  appeared e x c e l l e n t  q u a n t i -  
t a t i v e  d a t a  on t h e  f i e l d  dependence of  c o n d u c t i v i t y  of  
NbSe below T2 by J. Richard and P .  Monceaull  and by J. W .  
B r i l ?  e t  a l .  ,7 confirming t h e  e x i s t e n c e  of a t h r e s h o l d  
f i e l d .  The d a t a  seemed t o o  c o n s i s t e n t  t o  be  accounted f o r  
by a s l i d i n g  f r i c t i o n  model. I n  r ev iewing  t h e  t u n n e l i n g  
t h e o r y ,  I found t h a t  a t h r e s h o l d  f i e l d  would be i n t r o d u c e d  
i f  t h e r e  i s  a f i n i t e  c o r r e l a t i o n  l e n g t h ,  L ,  f o r  t h e  CDW 
such  t h a t  t h e  f i e l d  E must be  a p p l i e d  w i t h i n  L t o  b e  
e f f e c t i v e  i n  a c c e l e r a t i n g  t h e  wave. 
f o r  E > ET, 

With t h i s  r e v i s i o n ,  l 2  

and when L i s  s m a l l  compared w i t h  4fiv /TE 
Pippard coherence d i s t a n c e )  , E 
parameter  r a t h e r  t han  two. 
e x c e l l e n t  f i t  t o  t h e  expe r imen ta l  d a t a  on NbSe below T . 
t u n n e l i n g  a c r o s s  supe rconduc to r - in su la to r - supe rconduc to r  
(SIS)  t u n n e l  j u n c t i o n s  was used t o  accoun t  f o r  t h e  f r equency  
dependence of t h e  c o n d u c t i v i t y .  Th i s  t h e o r y  p r e d i c t s  a 
s c a l i n g  between frequency and f i e l d  dependence of t h e  
t u n n e l i n g  c o n t r i b u t i o n  

( t w i c e  t h e  
= E ,Fso Fhere is o n l y  one 

A t heo ry  developed by J. Tucker13 f o r  phogon-assisged 

T ThPs r e v i s e d  theo ry  gave  a n  

Except f o r  a s m a l l  excess  near t h r e s h o l d ,  Eq. ( 4 )  gave a 
good q u a n t i t a t i v e  f i t  t o  t h e  o n l y  d a t a  a v a i l a b l e  a t  t h e  time, 
t h a t  of Griiner e t  a l .  on NbSe t aken  a t  one t empera tu re  
below T 2 .  

a t  UCLA have made e x t e n s i v e  measurements of t h e  f i e l d  and 
frequency dependence of t h e  c o n d u c t i v i t y  of b o t h  CDW phases  
of NbSe and of TaS  They f i n d  e x c e l l e n t  q u a n t i t a t i v e  
agreement w i t h  t h e  s c a l i n g  r e l a t i o n  a t  h igh  f i e l d s  and 
f r e q u e n c i e s  (E>2ET), bu t  obse rve  a n  e x c e s s  c o n t r i b u t i o n  t o  
u ( w )  a t  low f r e q u e n c i e s  (w-w and below) t h a t  i n c r e a s e s  w i t h  
d e c r e a s i n g  t empera tu re .  There is no t h r e s h o l d  f o r  f r equency  
dependence as t h e r e  i s  f o r  f i e l d  dependence. T h i s  a d d i t i o n a l  
c o n t r i b u t i o n  can be  a t t r i b u t e d  t o  a b s o r p t i o n  by o s c i l l a t i o n s  
of t h e  pinned CDW about  t h e  p inn ing  f r equency ,  w . 
a c  and d c  v o l t a g e s  a p p l i e d  t o  t r y  t o  check o t h e r  p r e d i c t i o n s  
of Tucker’s  t heo ry ;  i n  p a r t i c u l a r  t o  f i n d  ev idence  f o r  

3 

During t h e  p a s t  few months Griiner,  C l a r k  and a s s ~ c l a t e s ~ ~  

3 3 ’  

T 

They have a l so  made numerous expe r imen t s  wi?h combined 
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4/[722] J. BARDEEN 

photon-assisted tunnel ing .  They f i n d  t h a t  t he  i n t e r a c t i o n  
between ac and dc f i e l d s  i s  much less than p red ic t ed  and no 
evidence f o r  photon-assisted tunnel ing .  I n  t h e  fo l lowing  we 
s h a l l  d i scuss  reasons f o r  t h i s  f a i l u r e  of t he  theory when a c  
and dc  f i e l d s  are combined even though i t  f i t s  t he  d a t a  f o r  
pure a c  o r  pure dc. 

moving (unpinned) CDW's and show t h a t  t he  conduc t iv i ty  i s  
about t h a t  expected i n  t h e  absence of the  CDW's .  Sec t ion  
111 gives  a b r i e f  review of the  semiconductor model f o r  de- 
pinning f o r  dc  app l i ed  vo l t ages  and Sec. I V  t h e  a p p l i c a t i o n  
of Tucker 's  theory  t o  account f o r  t h e  ac conduct iv i ty .  The 
reasons  why Tucker 's  theory does n o t  apply t o  combined ac  
and dc vo l t ages  i s  d iscussed  i n  Sec. V and Sec. V I  g ives  
concluding remarks and d i s c u s s e s  areas f o r  f u r t h e r  theo- 
r e t i c a l  development. 

I n  Sec. I1 I d i scuss  Fruhl ich  conduction by f r e e l y  

11. FROHLICH CONDUCTION BY FREELY MOVING CDW'S 

I n  t h i s  s e c t i o n ,  I s h a l l  t r y  t o  make p l a u s i b l e  why the  
l i m i t i n g  conduct iv i ty  f o r  high f i e l d s  o r  high f requencies  
i s  about t h a t  expected i n  the  absence of CDW's. According 
t o  F rah l i ch ' s  p i c t u r e ,  when a CDW i s  moving wi th  d r i f t  
v e l o c i t y  v 
Fermi su r face ,  a t  %+q and -%+q, where %ilq = mv 
the  band mass. 

t he  moving CDW i s  

t h e  Peierls gaps appear a t  t h e  moving 1 D  d '  and m is  

I n  a s imple model, t h e  charge d e n s i t y  a s soc ia t ed  wi th  

d '  

p (x) = p ( 0 ) c o s 2 ~ ( X - v d t )  ( 5 )  

so  t h a t  the  fundamental f requency,  presumably t h a t  observed 
i n  narrow-band no i se ,  is w = 2kFvd. 
regarded as t h e  frequency of t h e  macroscopical ly  occupied 
phonon s ta te  of wave vec to r  2k . 
of e l e c t r o n s i n  the  s t a t e  k +q a t  one boundary of t he  Fermi 
sea t o  -kF+q a t  t h e  oppos i re  boundary wi th  emission of a 
2% phonon o r  t he  r eve r se :  

This  may a l s o  be d 

Poss ib l e  t r a n s i t i o n s  wi thfn  t h e  CDW occur by s c a t t e r i n g  

kF+q * -kF+q + 2% (phonon). 

The energy is balanced,  s i n c e  
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DEPINNING OF CHARGE-DENSITY WAVES BY TUNNELING 1723]/5 

with  

6 w  = 2fi%Vd = mVFq * 
Ph 

One may regard t h e  CDW as r e s u l t i n g  from a r ap id  momen- 
tum exchange between e l e c t r o n s  and latt ice.  
the  n e t  c r y s t a l  momentum of t h e  e l e c t r o n s  and P 

N 
absence of o the r  r e l a x a t i o n  processes) ,  

I f  Pe = nEq is 

) 2 a ,  t h a t  of t h e  l a t t i ce ,  i n  s teady  state (and t h e  
-2% 

Pe/TeL = PL/TLe 

F where T is t he  r e l axa t ion  t i m e  f o r  e l e c t r o n s  t o  create 2k 
phonons and T t h a t  f o r  2k phonons t o  scatter e l e c t r o n s  
from -%+q toLf$+q. 

eL 

I n  a sfmple model, t h e  r a t i o  

PL/Pe = TLe/TeL z %/m z a 

where I$ is the  Frlihlich mass a s soc ia t ed  wi th  ion  motion 
and m is the  band mass. 
so t h a t  P = ctP . 
of t h e  CDW would p e r s i s t  i n  t i m e  as a supercur ren t .  
system would then be a 1 D  model of a superconductor,  a s  
suggested by Frlihlich.  Actua l ly ,  i n  NbSe , e l e c t r o n s  may be  
s c a t t e r e d  t o  o the r  p a r t s  of t he  Fermi surqace no t  involved 
i n  t h e  CDW and 2 
e l ec t rons  o r  t o  
Fermi su r face  is 
of 2k phonons t o  o ther  modes. We d e f i n e  T t o  be  t h e  re lax-  
a t i o n  f o r  e l e c t r o n s  o ther  than 2k t h a t  f o r  
2k phonons o the r  modes. Presumagly T >> T 4 >> T , 
s i n c e  the  most r ap id  process  is  exchange of momenkum w i k i n  
the  CDW. 

e l e c t r o n s  and phonons a r e :  

I d e f i n e  a t o  be the  r a t i o  %/mU03 

I f  tkere wgre no o t h e r  s c a t t e r i n g  processes ,  t h e  motion 
The 

F phonons Pnd T 

F e eL ' 

I n  an e l e c t r i c  f i e l d  E, t h e  equat ions  of motion f o r  t h e  

dPe 'e 'e pL - + - i - = n e E + -  
L e  dt Te eL T ? 

From these  equat ions 
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6/[724] J. BARDEEN 

d(Pe+PL) PL Pe 
+ - + - = n e E .  

T T  L e  d t  

With P 
be dertved: 

= Pe and Pe = nhq, an equat ion of motion f o r  q may 

* *  
hdq/dt + q / T  = e E 

* 
where e = e / ( l+a)  % 10-3e and 

l a 1  - -  { - + - I .  1 

T e 
- -  * l + U  TL T 

The dc conduct iv i ty  of t he  unpinned CDW is then 

* *  2 a = nee T /m = ne T /m , 
d c  ef f 

where T = [ (a / . r$)  + ( l / ~  ) ] - l  is about t h a t  expected i n  
the  absence of CDW s. 
f l u c t u a t i o n s  above T , so the  r e l a x a t i o n  process  may occur 
v i a  2k phonons as itpis below Tp. The high frequency con- 
duc t iv f ty  w i l l  be resistive and equal t o  adc as long as 

ef f I n  tge case of TaS3, t h e r e  are CDW 

WT << 1. ef f 

111. SEMICONDUCTOR MODEL FOR DEPINNING 

Even though t h e r e  may be a P e i e r l s  gap and thus  no quasi- 
p a r t i c l e  e x c i t a t i o n s  a t  low temperatures, i n  the  absence of 
pinning t h e r e  is  no gap f o r  changing t h e  displacement, q ,  
the  Fermi sea and thus  the  ve loc i ty ,  of t he  CDW. The 
displacement q changes i n  an  electr icvf ;e ld  as would t h a t  
of a Fermi sea of p a r t i c l e s  of e f f e c t i v e  charges  e* and 
r e l axa t ion  t i m e  T * .  

the  Fermi sur face ,  as i l l u s t r a t e d  i n  Fig.  1. The Fermi sea  
is now represented by f i l l e d  states below t h e  gap. 
e lectr ic  f i e l d ,  t he  particles would d r i f t  according t o  
Tidk/dt = e*E, but  t h e r e  would be no cu r ren t  s i n c e  t h e  lower 
band remains f i l l e d .  This  corresponds t o  t o t a l  r e f l e c t i o n  
when k -t %. 
go from t h e  lower band t o  t h e  upper band, a s  ind ica ted  i n  
the  dot ted  l i n e .  I n  t h e  tunnel ing model, they do t h i s  by 
Zener tunnel ing.  
tunnel  t o  t h e  upper band is  P = exp(-Eo/E), where Eo is 

Pinning can be represented by a small  pinning gap a t  

I n  an 

Current can flow i f  i n  an electric f i e l d  p a r t i c l e s  can 

The p robab i l i t y  t h a t  p a r t i c l e s  reaching $ 
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DEPINNING OF CHARGE-DENSITY WAVES BY TUNNELING [7251/7 

FIGURE 1 Semiconductor model f o r  Fermi sea of e l e c t r o n s  
condensed i n  a pinned CDW. 
t he  upper unoccupied. In  an  e lec t r ic  f i e l d  c u r r e n t  f lows 
and the  CDW becomes depinned by Zener tunnel ing through the  
small pinning gap. Since t h e  P e i e r l s  gaps move w i t h  t h e  
Fermi sea  they do not  need t o  be considered i n  t h e  depinning 
process.  

The lower band is occupied and 

* 
given by the  Zener expression E / ( 2 5  e ) and 6 
is t h e  Pippard coherence d i s t ange ,  a measure of t h e  d r s t a k e  
over which the  f i e l d  i s  e f f e c t i v e  i n  a c c e l e r a t i n g  the  Fermi 
sea. 

Thus f a r  t h e  modef l eads  t o  Eq. (1) wi th  an express ion  
f o r  E i n  terms of t h e  gap. Arguments were given t o  show 
t h a t  g = *w and thus  t o  r e l a t e  E wi th  the  pinning 
frequeficy . 

A th reshold  f i e l d  was introduced through a f i n i t e  
c o r r e l a t i o n  l eng th ,  L ,  a c ross  which t h e  f i e l d  must be 
appl ied  t o  be e f f e c t i v e  i n  a c c e l e r a t i n g  t h e  Fermi sea. It 
is  presumed t h a t  L r ep resen t s  t h e  d i s t a n c e  over which the  
phase of t he  CDW is cor re l a t ed .  I l l u s t r a t e d  i n  F ig .  2 is  a 
Zener diagram showing the  energy gap t i l t e d  i n  space by the  
e l e c t r i c  f i e l d  with s lope  e*E. Tunneling t akes  p l ace  over 
ho r i zon ta l  l i n e s  of cons tan t  energy. For tunnel ing  t o  be 
e f f e c t i v e  over a length  L ,  one must go from a f i l l e d  s t a t e  
below t h e  gap t o  an empty state above. 
poss ib l e  unless  e*EL > E , which g ives  a threshold  f i e l d  
E = E /e*L. Fur ther  thg  d i s t a n c e  over  which tunnel ing  can 
occur 8s reduced by a f a c t o r  (l-(E/E ) )  f o r  E>ET. T 

= B v  / R E  
0 

Thus 2SOe*Eo = E . 

P Y  0 

No tunnel ing  is 

T 
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8/[726] J. BARDEEN 

FIGURE 2 Zener diagram showing energy bands near the 
energy gap t i l t e d  i n  space by an e f f e c t i v e  po ten t i a l  energy 
e*Ex. I f  there  is a co r re l a t ion  length L f o r  the CDW such 
tha t  an e l e c t r i c  f i e l d  must a c t  within L t o  be e f f e c t i v e  i n  
accelerat ing the wave; no tunneling can occur unless  e*EL>c 
and the dis tance over which tunneling occurs is  reduced t o  
L-(E /e*E). 

g 

The Zener expression assumes t h a t  tunneling occur over 
a dis tance 25,. 
which makes E = ET. 
e t e r  i n  the tgeory instead of two. 
by u = u 

I f  L << 25 , one must replace 25, by L,  
I n  t h b  l i m i t  there  is only one param- 

The conductivity is  given 
+ u P ( x )  where x = E/ET and a b  

As seen i n  Fig. 3, reproduced from r e f .  5 ,  the data  of 
Richard and Monceau f o r  the CDW below T2 i n  NbSe 
excellent agreement with Eq. (17) .  

For temperatures j u s t  below Tp, Eo is  
f8rtheT enhance8 by a f ac to r  n/n , where n is the densi ty  
of e lectron 
(i-(T/Tpi)J2 as T + Tp. 

pinning gap is proportional t o  the  impurity concentration, 
c , and L and 5, a r e  inversely proportional t o  ci. 
and E 
men& 8f B r i l l  e t  a l .  

a t  UCLA, have shown tha t  (3) is  i n  excel lent  quan t i t a t ive  

a r e  i n  
More gene rady  

= E (1+(L/25 1). 

condensed i n  the CDfj and whicfi v a r i e s  as 

For weak impurit ies,  the pinning energy and thus the 

Thus ET i are both proportional t o  c2 i n  agreement with experi- i, 

Subsequent experiments, p a r t i c u l a r l y  by Grtlner e t  a1 . 
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DEPINNING OF CHARGE-DENSITY WAVES BY TUNNELING [727]/9 

V 30.2K 
A 42.6K 
x 59.9K 

( U [ W ) - U , ) / U ~  0 42.5K 

CONDUCTIVITY OF NbSe, 
ABOVE THRESHOLD 

x = E/E, or w/w, 

FIGURE 3 
compared wi th  P(x) from Eq. ( 1 7 ) .  The dc  d a t a  are  from 
Richard and Monceaul 

Conduct ivi ty  of NbSe3 p l o t t e d  i n  reduced u n i t s  

and t h e  ac from Griiner et  a l .  l 4  

agreement f o r  t h e  dc  nonl inear  conduc t iv i ty  of bo th  phases 
of NbSe and a l s o  f o r  depinnirig of t he  commensurate CDW i n  
the  TaS3. With appropr i a t e  choice of  parameters ,  Fleming’s 
empir ica l  express ion ,  Eq. (2), a l s o  g ives  a reasonable  f i t ,  
s i n c e  f o r  E-ET << ET,  t he  exponent ia l  is  very  small. Values 
of L are t y p i c a l l y  of t he  o rde r  of l O u m  f o r  “pure“ specimens 
and E is of t h e  order  
largef! i n  TaS 

3 

e r g s  i n  NbSe3 and somewhat 

3’ 

I V .  FREQUENCY DEPENDENCE OF CONDUCTIVITY - SCALING 

The success  of t h e  semiconductor model of tunnel ing  f o r  dc  
conduction suggested applying Tucker’s theory of photon- 
a s s i s t e d  tunnel ing  t o  acount f o r  t h e  frequency dependence 
of t h e  a c  conduct iv i ty .  Tucker der ived  equat ions  f o r  t he  
cu r ren t  from an appl ied  vo l t age  V 
tunnel  j unc t ion .  For s m a l l  s igna? ac,leV < f i w ,  Tucker’s 
express ions13  f o r  t he  a c  c u r r e n t ,  I (w)coswt, and the  change 
i n  dc  cu r ren t  from the  a c  vo l t age  are: 

+ V coswt a c r o s s  a 

1 
1 
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10/[728] J. BARDEEN 

Here I (V) is  the  dc cu r ren t  f o r  an app l i ed  v o l t a g e  V. To 
apply ?o t he  semiconductor model, t h e  vo l t age  V i s  taken t o  
be t h a t  ac ross  a c o r r e l a t i o n  l eng th  L and t h e  charge e is 
replaced by e*. I n  t h e  l i m i t  Vo - 0, Eq. (18) g ives  

(20) 
* * 

I1(w) =(e v, / f iw)Io(We . 
The a c  conduct iv i ty  u(w) is equal  t o  t h e  dc  conduct iv i ty  
(defined as I / E )  f o r  a f i e l d  E = fiw/e*L. This  g ives  t h e  
sca l ing  r e l a t i o n ,  Eq. (4), f o r  t h e  tunnel ing con t r ibu t ion  t o  
u(w). The energy gap, E = e*ETL =muT. 

A t  t h e  tine thepape@12 was w r i t t e n  (1980), t h e  only 
da t a  on u(w) were a few poin ts14  taken a t  one temperature ,  
42 K ,  on NbSe3. These a r e  p l o t t e d  i n  reduced u n i t s  i n  F ig .  
3 and g ive  an exce l l en t  f i t  t o  t h e  func t ion  P(x) ,  where 
x = w / w  , except f o r  t he  poin t  a t  threshold ,  w = w . Late r  
d e t a i l e x  measurements of both ac and dc  conductiviTy on t h e  
same specimens by GrUner, Zet t l  and Clark15 showed t h a t  
s ca l ing  holds  very  w e l l  f o r  w > 
lower t r a n s i t i o n  i n  NbSe and f o r  w > wT f o r  TaS . Fur ther ,  
i t  w a s  found t h a t  t h e r e  9s an a d d i t i o n a l  c o n t r i b u h o n  t o  
a(w) from absorp t ion  by t h e  pinned CDW and t h a t  t h i s  
add i t iona l  con t r ibu t ion  extends down t o  w + 0 so t h a t  t h e r e  
is no threshold  frequency. 
Tp but  increases  wi th  decreas ing  teppera ture .  

phenomenological equat ion  of motion of t he  pinned wave, 

wT f o r  both t h e  upper and 

The con t r ibu t ion  is small near  

The a d d i t i o n a l  con t r ibu t ion ,  u ( w ) ,  der ived  from t h e  

2 * 
P 

d2x/dt2 + l'(dx/dt) + w x = (e  /m)E(t) , 

For NbSe , a good f i t  is  obtained by tak ing  u p =  wT, i n  
agreemen? with tak ing  an energy gap equal  t o  ?iw . 
i t  is found t h a t  f o r  TaS3, w wi th  w 
increas ing  wi th  decreas ing  tgmperature.  
between NbSe and TaS may arise from t h e  d i f f e r e n c e  between 
incommensurase and commensurate pinning. 

Las t  f a l l  when t h e  theory w a s  being developed, i t  w a s  
hoped t h a t  one could use  photon-assisted tunnel ing  as des- 
c r ibed  by Eq. (19) i n  l inear -cha in  compounds t o  d e t e c t  an 
a c  s i g n a l  as is done very success fu l ly  wi th  SIS tunnel  
junc t ions .  
b i a s  Vo below threshold  and use  the  quantum energy, Tide ,  

However 
is l a r g e r  than w 

The dTf f erence' 

3 

I n  t h e  la t ter ,  it is  p o s s i b l e  t o  t ake  t h e  dc  

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
34

 2
1 

Fe
br

ua
ry

 2
01

3 



DEPINNING OF CHARGE-DENSITY WAVES BY TUNNELING [729]/11 

t o  b r ing  I (Vo + (hw/e)) above threshold .  
j unc t ion  &en acts as a photon d e t e c t o r .  
Griiner e t  a l .  l 5  soon showed t h a t  t h i s  f a i l e d  i n  NbSeg. 
When biased such t h a t  V 
de tec ted  dc cu r ren t  was observed even when w w a s  w e l l  above 
threshold .  A change i n  dc  cu r ren t  w a s  observed only a t  low 
f requencies ,  w << w was above th re s -  
hold.  I n  t h i s  case t h e  combined vo l t age ,  Q + Vlcoswt, can 
be considered t o  be a slowly varying dc  and t h e  response is 
t h a t  t o  be expected c l a s s i c a l l y .  
cons tan t  V 
than a few percent  of t h a t  expected c l a s s i c a l l y ,  when w~ 
Other experiments,  f o r  example on the  e f f e c t  of a dc  b i a s  
on a(w) ,  a l s o  gave negat ive  r e s u l t s .  

ment f o r  pure  dc  o r  pure ac f a i l s  when ac and dc  are com- 
bined. 
i n  t h e  next s ec t ion .  

The tunne l  
Experiments of 

+ V1 is  below threshold ,  no 0 

and only when Vo + V T' 
0 

A s  w is  increased  f o r  
A I d c  drops r a p i d l y  and is very  small, less 1' 

T '  

Thus a theory t h a t  is i n  apparent  agreement wi th  experi-  

The probable  reasons f o r  t h i s  f a i l u r e  are d iscussed  

V. FAILURE OF THE SEMICONDUCTOR MODEL FOR COMBINED DC AND 
AC VOLTAGES 

The f a i l u r e s  of t he  semiconductor tunnel ing  model wi th  
Tucker 's  theory t o  account f o r  observed e f f e c t s  of t h e  
i n t e r a c t i o n  between dc and a c  appl ied  vo l t ages  may be  
summarized a s  fol lows : 

1. There is no i n d i c a t i o n  of a change i n  dc  c u r r e n t ,  
when V + V < VT and V + (?rw/e*) > V as expected "dc' 0 0 T from pho ton-assis ied tunnel ing.  

E ,  a ( w , E ) ,  does not  i nc rease  as expected wi th  inc reas ing  
f i e l d  when EL + 5de* becomes g r e a t e r  than V . 
expected except  f o r  very  Tow f requencies ,  w << w 

amplitude appl ied  a c  vo l t ages ,  inc luding  r e s i s t i v i t y  peaks 
observed when t h e  appl ied  f requencies  is c l o s e  t o  t h e  funda- 
mental  phonon frequency, w = w = ZkFvp, o r  t o  harmonics 

TheseP!requenc es are observed t o  h' o r  subharmonics of w 
be propor t iona l  t o  tge c u r r e n t  dens i ty ,  n ev a s soc ia t ed  
wi th  CDW motion. 

2. The a c  conduct iv i ty  i n  t h e  presence of a dc  f i e l d ,  

3. Even when V > V , A I d c  is much smaTler than  

4. 

0 
T' The theory does not  account f o r  e f f e c t s  of l a r g e  

c d '  

It is  be l ieved  t h a t  t h e  d i f f i c u l t i e s  are due t o  t h e  
semiconductor model t h a t  does not  con ta in  enough of t h e  
phys ics  of charge-density waves and w a s  designed o r i g i n a l l y  
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12/[730] J. BARDEEN 

t o  account f o r  depinning i n  an  electric f i e l d .  
way CDW's e n t e r  t h e  model is through the replacement of e 
by e*. This accounts  f o r  t he  r a p i d  shar ing  of e l e c t r o n  
momentum wi th  t h a t  of ion  motion; when an e l e c t r o n  i n  t h e  
CDW condensate is acce le ra t ed  it  almost immediately g ives  
up most of t he  momentum ga in  t o  the  l a t t i ce .  However, t h e  
model does not  inc lude  o the r  a spec t s  of CDW's,  such as t h e  
frequency of the  macroscopically-occupied phonon state,  w 
It is bel ieved t h a t  Tucker 's  theory should apply t o  t h e  
model and t h a t  t he  d i f f i c u l t y  is  wi th  t h e  model. 

I n  Tucker 's  theory,  a quantum frequency from the dc 
vo l t age  ac ross  the  c o r r e l a t i o n  L, w 
with  t h e  appl ied  ac frequency, w .  
frequency a s soc ia t ed  wi th  t h e  energy d i f f e r e n c e  between 
e l ec t rons  tunnel ing from one s i d e  of L and holes  from t h e  
opposi te .  In  t h e  semiconductor model, t he  energy gained by 
an e l e c t r o n  from t h e  vo l t age  V ac ross  L is e*V , and t h i s  
frequency is p resen t  i n  t h e  wave func t ion  f o r  tge ampli tude 
of t he  tunnel ing e l e c t r o n s .  
t h e  fundamental frequency is w This i s  
the  frequency t h a t  is  p ropor t igna l  t g  t h e  a c t u a l  dc  c u r r e n t  
f lowing. 

The only 

Ph' 

= e*V /ts is  combined 0 y h i s  r ep resen t s  t he  

0 
However, when CDW's are p resen t ,  

= w P(E) , not  wo. h 

func t ion  may be w r i t t e n  
, where Y is the p a r t  a s soc ia t ed  

gap ana corresponds t o  t h e  wave 
func t ion  of an  unpinned wave. The frequency w appears  i n  
Y i n  t h e  semiconductor model and is t h e  phonon frequency 
f o r  an unpinned CDW. 
p robab i l i t y  (1-P) of no flow (w = 0) and of P of moving 
f r e e l y  (w The a c t u a l  e u r r e n t  f low and frequency 
are r e d u d 8  by ?he p r o b a b i l i t y  P ,  t o  g i v e  t h e  phonon f r e -  
quency w = w P.  Thus when CDW's a r e  p re sen t ,  one is  not  
allowed ?o comgine p r o b a b i l i t y  ampli tudes,  on ly  p r o b a b i l i t i e s .  

To a f i r s t  approximation then,  one may determine t h e  
e f f e c t  of an a c  vo l t age  superimposed on a dc  by f i r s t  
f ind ing  the  motion of t h e  CDW from t h e  app l i ed  dc  v o l t a g e  
and then determine the  response of t h e  moving CDW t o  t h e  
superimposed ac vol tage .  
classical c a l c u l a t i o n ,  A t  very  low f requencies  t h e  a c  may 
be regarded as a slowly vary ing  dc,  so t h a t  the  vo l t ages  
may be  added t o  determine t h e  response.  This  is i n  accord 
with experiments wi th  l a r g e  ampli tude ac appl ied  vo l t ages  
combined wi th  dc. Low frequency impl ies  w < w and i n  
p r a c t i c e  t h i s  implies  w << wT. is of t he  
order  of wT and h igher ,  t h e r e  is l i t t l e  i n t e r a c t i o n  between 
a c  and dc appl ied  vol tages .  

0 
1 One cannot consider  a CDW as having a 

= w ). 

h 

The la t ter  i s  e s s e n t i a l l y  a 

For va lues  of 

True nonl inear  e f f e c t s  a s soc ia t ed  wi th  CDW motion do 
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DEPINNING OF CHARGE-DENSITY WAVES BY TUNNELING [7311/13 

g ive  an i n t e r a c t i o n  between ac and d c  f o r  l a r g e  ampli tude 
ac  vo l t ages ,  wi th  t h e  ampli tude requi red  f o r  a g iven  
response increas ing  wi th  inc reas ing  frequency. 
not have a s a t i s f a c t o r y  q u a n t i t a t i v e  theory t o  c a l c u l a t e  
t h e  nonl inear  response,  bu t  classical  models such as those  
of Grffner e t  a l .  and of P o r t i s  should g ive  t h e  c o r r e c t  
q u a l i t a t i v e  behavior .  

We s t i l l  do 

VI . CONCLUSIONS 

The tunnel ing theory g ives  exce l l en t  q u a n t i t a t i v e  agree- 
ments wi th  experiment f o r  both f i e l d  and frequency depend- 
ence of t he  conduct iv i ty  of both CDW phases of NbSe and of 
TaS3. 
c o r r e l a t i o n  l eng th  of t he  order  of 10 microns a c r o s s  an 
energy gap f o r  e l ec t rons  of t h e  order  of e rgs .  The 
va lue  of L is  cons i s t en t  wi th  e l e c t r o n  microscop measure- 
ments of CDW motion i n  NbSe by Fung and Steeds.Y6 They 
f i n d  t r ansve r se  coherence dgstances of t he  order  of 2-300 A .  
The t o t a l  volume occupied by t h e  cohrent  motion is  of t h e  
order  of c m 3  and conta ins  about l o 7  e l e c t r o n s .  There 
is an a d d i t i o n a l  con t r ibu t ion  t o  the  ac conduct iv i ty  from 
absorp t ion  by o s c i l l a t i o n s  of t h e  pinned wave. 

and a c  vol tages .  Except a t  f requencies  so  low t h a t  t h e  ac 
can be considered t o  be a slowing vary ing  dc ,  t h e  i n t e r -  
a c t i o n  between dc and a c  vo l t ages  is very weak. No satis- 
f a c t o r y  theory e x i s t s  f o r  nonl inear  e f f e c t s  observed f o r  
l a r g e  ampli tude a c  vo l t ages  combined wi th  dc.  

It is  suggested t h a t  experiments wi th  pulsed dc  
vo l t ages  of varying d u r a t i o n  and amplitude,  such as those  
of Ong and Tessema,17 would be h e l p f u l  i n  understanding t h e  
nonl inear  e f f e c t s  a s soc ia t ed  wi th  l a r g e  ampli tude ac 
vol tages .  It may be expected t h a t  i n  t h e  immediate f u t u r e  
t h e o r e t i c a l  explana t ions  w i l l  involve  a combination of 
quantum and c l a s s i c a l  concepts such a s  those  u s  t o  d e s c r i b e  
t h e  frequency dependence of t h e  conduct iv i ty  wi th  quantum 
tunnel ing and a c l a s s i c a l  t reatment  of abso rp t ion  by t h e  
pinned wave. Hopefully i t  w i l l  even tua l ly  be p o s s i b l e  t o  
develop a microscopic theory i n  which t h e  quantum a s p e c t s  
a r e  t r ea t ed  by a more r e a l i s t i c  model. Any such theory 
would have t o  inc lude  the  e f f e c t s  of damping on t h e  tunnel ing  
p robab i l i t y .  

Experiments on s t e p s  corresponding t o  r e s i s t i v i t y  peaks 
i n  t h e  V ( 1 )  c h a r a c t e r i s t i c s  of NbSe 
cu r ren t  as observed by Monceau, R i c L r d  and Renard l i  p rovide  

3 There is s t rong  evidence €or  tunnel ing  a c r o s s  a 

There is  no photon-assisted tunnel ing  from combined dc  

wi th  a superim osed ac 
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valuable  information on the  i n t e r a c t i o n  between dc and ac 
cur ren ts .  
w , resonates  with the  fundamental frequency, w , o r  one of 
i ts  harmonics o r  subharmonica. The locking i n  g!! w with  
w tends t o  keep the  cu r ren t  from changing wi th  t h e  ph dc 
vol tage.  
suggest ing t h a t  t h e  var ious  CDW domains tend t o  lock  i n  t h e  
same frequency and cu r ren t  dens i ty .  

the 

The peaks are observed when the  appl ied  frequency, 

The resonant  r e s i s t i v i t y  peaks are very narrow, 

This  could be induced 
by exchange of 2 phonons between domains as w e l l  as by 
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